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SUMMARY |

Bending tests were made of two circular e¢ylinders of
corrugated aluminum~alloy sheet. In each test failure oc-—
curred by bending of the corrugations in a plane normal to
the skin. It was found, after analysis of the effect of
short end bays, that the computed stress on the extreme
fiber of a corrugated cylinder ie in excess of that for a
flat panel of the same basic pattern and panel length
tested as w pin-ended column, It is concluded that this
increased strength was due to the effects of curvature of
the pitch line. It i1s also concluded from the tests that
light bulkheads closely spaced strengthen corrugated cyl-
inders very materially.

The sectlion properties of corrugated sheet are summa-
rized in an appendix. :

INTRODUCTION

The earliest stressed-skin metal alrplanes, those of
Dr, Junkers, were constructed with corrugated duralumin
covering. Some designers have followed Dr, Junkerg! lead
in this respect, while others have used & smooth skin re-
inforced by varlous types of stiffeners. Although some
early studies of the problem of the design of stressed-
skin airplanes indicated that the highest strength-weight
ratios could be obtained by the use of corrugated cover-—
ing, the value of these studies was largely vitiated by
lack of knowledge of the actual strength of either the
corrugated skin or the smodth skin with stiffeners. ' As a
congequencs, numerous tests have been made to obtain the
experimental dats needed as the foundation for satisfac—~
tory methods of designing both types of stressed skin.
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The great majority of the test data that have so far
been generally avallable to designers have pertained to
the use of smodth skin, as the corrugated material lost
favor on account of the tailoring difficulties encountered
in its use. Recently a number of deslgnerg have shown a
renewed interest in the use of corrugated sheet, and i¥
appears desirable to make a study of this material.

"In reference 1 are published the results-of an exten-
sive study of the compressive strength of flat panels of
corrugated sheet in which fallure occurs by local duckling
of the corruggtions. It 1s shown in reference 1l that when
local fallure does not occur, the compressive strength of
a corrugated panel is gilven by the column curve for the
material.,

When corrugated sheet i1s used in stressed-skin struc-
tures for alrcraft, the piteh line 1s ugually curved. The
purpose of thig report is to present the results of bend-
ing tests made of two corrugated cylinders at Stanford
University during the winter of 1930-31. (A preliminary
report of these results is contained in a Stanford Univer-
slty thegig by Buckwalter and Reed entitled "Bendlng Tests
on Corrugated Aluminum-Alloy Cylinders." These tests were
similar to those made by Mossman and Robinson on cylinders
with smooth skin (reference 2). :

DESCRIPTION OF TEST CYLINDERS

The two cylinders, ¢onstructed of aluminum alloy
heat~treated to the specifications of the U. S. Army Alr
Corps, were furnished by the Douglas Aircraft Company.

Ag originally furnished, they were ldentical 1in every re-
spect except in the number and svacing of the bulkhead
rings. The bulkhead rings wera located so that 4in cylin~
der 1 the critical bay was 18 inches in length and in
cylinder 3 it was 9 inches. The length of each cylinder
wae 36 Iinches, and the diameter of the piteh line of the
corrugated covering was the same. The covering consisted
of a corrugated sheet of a standard Douglas Company sec—
tion having a nomingl pitch of 1.25 inches and a depth of
050 inch, with a thickness of 0.022 ifich. Only one lon-
gitudinal seam was necegsary in each swmecimen gnd 1t was
made by nesting corrugations and riveting alozg the nodc.
The bulkhead rings were of onpen "hat" sectiocn of the same
shape and gize as those used in the smooth-gkin cylinders
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tested by Mossman and Robinson and reporited in reference
2. At each end of the cylinders an inner and an outer
angle ring was riveted to the inner and outer nodes of the
corrugations, respectively, and the outstanding legs of
these sngles carried the bolts that attached the cylin-
ders to the parts of the test jig. Thegse angles were
11/16 by 15/16 by 0.064 inch section. The general con-
struction . of these specimens can be seen very well from
figures 1 to 4, which are photogfaphs of then after Tail-
Ures

In the design of the cylinders it was realized that
the restraint imposed on the sheet at the ends of the cyl-
inders by bolting the end rings to parts of a rigid test
Jig would be greater than that at the intermediate bulk-
headse If failure occurred in the bay adjacent toc the end
rings, this restraint at one end of the critical panel
would probably cause the stress at failure to be in excess
of what might be expected for sheet in a continuous struc—
ture. Hence, it was desired that the failure in the spec—
imens would take place in a central panel.where the end
restraint would not be such an important factor. In order
to sccomplish this aim, cylinder 1 had a bulkhead ring lo-
cated 9 inches from each end, leaving an 18-inch dbay in
the middle in which failure was almost certain to occur.
OCylinder 2 had three equally spaced bulkheads, which di-
vided the specimen into four 9-inch bays. The seccnd dbay
from one end was expected to be the critical one, and it
proved to be so. | -, ' —_—

Bagsed on the nominal dimenslions, the section charac-
tstics of the corrugated sheet were as follows:

Pitch/depth_ratio, p/d = 1.25/0.5 ......,. 2.50

Ratio of the radius of corrugations
to thickness, r/t = 0.3235/0.022 ........ 14.70

Weight ratio for p/d of 2.50 (fig., A-1) .. 1.40

Radius of gyration p (fig. A-1)
0eB355 %X 0e5 envvessnoaasacconsassosesneans 01775

Experience has shown that commercial corrugated ma-
terial is seldom true to nominal dimensions, the allowable
manufacturing practices and tolerances permiiting an ap-
preciable variation between nominal and actual dimensions.
After the bending tests had been completed, therefore, a
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sectipn was cut from esch c¢cylinder to permit more accurate
determinations of thickness of material, eguivalent thick-
negsg of flat gheet, radius of gyratien of a corrugation,
and r/t ratio. ' )

The asctual thickness of the material used wasg deter-
mined by direct measurement with micremeter callipers with
small spherical-ended jaws. For the determination of the -
equivalent thickness of flat sheet, the seciions were
trimmed to a rectangular shape with two sides along trnughs
of corrugations and at s distance from each other of aboutb"
six times the pitch. The (ther sides were normal %o the
corrugations., These vpieces were held by hand ageinst a
flat surface and the projected area was measured. * They
wvere then welghed., Thé welghts divided by the precjected
area and the density of the material gave what were con-
sidered the more reliable values for the equivalent thick-
nesses. The radius of gyration of a corrugatlon and the
r/t ratle were obtained by direct measurement of the pitch
and derth of the corrugations, both with the sectians -
curved, as when firgt cud from the cylinders, and while.
pressed against a flat surface. Although 1t was difficult
tv measure .the pitch precisely, particularly with the pitch
line. curved, it is telieved that the error is less than the
noted variatlon between ccrrugations, The radius of gyra-—
tion was computed from the pltch-depth ratie assuming fthe
secticn to be made up of perfsctly circular arcs tangent
at the pitch -line, using for the purpose the curves of ap—
pendix I, The razdius of curvature of a cerrugaticn r, :
was alsoc computed from the piltch-depth ratic on the same
assumptien, using the formulas derived in appendix I, Fi-
nally, the equivalent thickness was -computed from the
megsured thickness, the welight ratio for the observed pitch-
depth ratic, and the curve of figure A~l. The eguivalent
thicknesses obtained in this manner were smaller than those
obtainesd Ty weighlng and, as they were net consldered as
reliable as the latter, were not used in the analysis of
the cylinder tests.

The measurements and cemputaticns made in this study
are reccrded in tadble I. : - - o
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*TABIE I B

DETERMINATION OF PROPERTIES OF CORRUGATED SHEET

Itprk How obtained _Cyliﬁder gyiigdgrs

1. Actual thicknéss, in. Direct.measurement 0.0215 0.023
2. Length of section, in. Direct measurement| 5.83 3.96

3. Width of section, in. Direct megsurement| 7.63 7.76

4. Projected area, sé;in. h (2) x (3) 44.5 30.3

5. Weight, g Direct measurement [57.6 4] .5

6. Weight, g/sq.in. (5)/(4) 1.29 t 1.37

7. Weight, 1b./sq.in: (6) ¥ 0,00220 .00284] .00302
8. Equivalent thickmess, in. (7)/0.1011 .0284 .0299
S. Pitch p, in. | Direct messurement| 1.28 | 1.28
10. Depth 4, in. Di;ect measﬁrement .4i .41
11. Pitch/depth, p/d. (9)/(10) 3.12 [ 3,12
12. p/a Figure A-1 359 .369
13, Radius of gyration ps in. (10) x (12) .147 . 147
14. Weight ratie Figure A-1 1.26 | 1.26
15. Equivalent thickness, in. (1) x (14) .0271 | .0290
16. Radius of corrugations r, in. Appendix I .349 :549
17. r/t £1%)/ (LY 16.2

15.2
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For the purpose of computing the stresses in bending
it was assumed that the actual cylinders would have the
same moments of 1nertias and section moduli as cylinders of
46-~inch diameter covered with smooth skin of thicknesses
equal to the equivalent thicknesses of lline 8 in tadble I,
The propertles of this equivalent cylinder and the slen-
derness ratios of a single corrugation in the critical
panels were then computed as shown in table 'II.

TABLE II

COMPUTATION OF SECTION MODULI AND SLENDERNESS RATIOS

Ttem ' ﬁéference Cylinder Cylinders
1 2 and 2
Equivalent thilckness
t’, in. « s 8 0 u s e Table I, line 8 . 000284 : 010298
Dlameter, D, in.- . - 26 . 36
Moment—of inertia,
fafeeiivi i (T = 00794 $1D0° | 521 546
Section modulus,
in.a.‘-........... ) I/R l 29.0 30-5
Length of bay, in. - 18 : 9
Radiug of gyration, '
p,'in. L N A BN ) - 0147 0147
Slenderness ratio ... L/p 122.4 61.2

DESCRIPTION OF TEST SET-UP

The test jig was arranged as shown in figures 5 to 8.
The mein jig consisted of a backplate A (figs. 5 and 8)
bolted to two horizontal structural steel channels B and
.braced to them by two pieces of condult pive C. 4An H-
beam D was bolted to the base channels and regted cn the
weighing table of a testing machine. 4 wooden sgtructure
E supported the backplate end cf the Jig and held the base
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channels in & hsrizental position. The tetrapod unit con-
sisted of a strudtural steel angle F Dbent into a ring
and welded at the Jjoint, to which was bolted two steel-
strap tengion members G and two pieces of conduit pipe
H for compréssion membersi The tension and comptression
members were welded at the .apex I into a fiftfing to whiech
the load was applied from the head of the testing machine
through a link J,. ) T
Bach specimen was bolted to the backplate and to the
tetrapod ring with 10-24 roundhead machine screws. These
screws were put through the outstanding légs of the angle
rings, a screw oppcsite each trough of the corrugation
over three—quartersg of the circumference o61n the tension
side, and opposite every other trough on the compréssion
side. The longitudinal Joint in the corrizated sheet was
placed at the top of the cylinder where it would be in
tension and would be least apt to influence fallure. Shims
of sheet iron were used where necessary between the speci-
men and the Jjig varts so that tightening of the machine
screws would not cause strain in the cylinder. A Riehle
Bros. motor-driven testing machine of 30,000 pounds capéac-
ity was used to supply the load. "_

Adg the testing-machine head moved down, a vertical
load was applied to the apex I and bending and shear
forces were get up in the test specimen, Since membeTr D
was directly under the point of applivation of the load,
the latter could be measured directly on the scals beam of
the machine, the jig acting in the fashion of a nutcracker
with force and reaction applied at I and D, Ts&sspec—
tively.

An attempt was made to measure the eleongations and
compressions of the most stressed fibers of the cylinders
by the use of extensometers. The arrangement used, how-
ever, proved to be unsatisfactery becduse any slight bulg-
ing of the sheet caused an angular movement of the exten-
someter mounting, which prevented the extensometer read-
ings frcm being true measures of the deformation of the
specimen. -

Readinge were also taken of the change in length of
the vertical diameter of a bulkhead ring uging the sanme
instrument as had been employed fcor the purpose by Mossman’
and Robinson (reference 2).
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TEST. PROCEDURE -

The procedure of testing consisted in the applicatlon
of the load in .desired increments to the apex of the tet~
rapod and the noting of certain obgervations for each load
increment. These observations are indicated by letter and
numeral in the log sheet of test 1. (See appendix II.)

For each load increment, measured on the scales of the test-
ing machine, readings were tmZen on the four extensometers
and on the diameter gage, the beam deflections A ‘and B
were measured, and the formagtion of bulges was obgerved at
voints on the specimen indicated by the roman numerals.

The tetranod unit, weighing 310 pounds, was the first
lcad to be applied to-the specimen. Since 1its point of
application was at the center of gravity of the unit in-
stead of &t the apex, the equivalent load at the apex was
determined and is included in the log sheeis. It is sim-
ply a fictitious load gilving the same moment at the crit-
lcal section of the specimen as the 310-pound load of the
tetrapod. All subsequent load increments were applied
through the head of the testing machine to the apex.

After the first maximum load was reached, the load
applied by the testing machine was entirely removed and
then reapplied to.a second maximum value in order to deter-
mine the gtrength of the svecimen after fallure had cc-
curread, .

RESULTS- OF TESTS: -

A complete record of the first and thlrd tests is con-
tained in appendix II; the important results of all three
tests are summarized in tadble IIXI. A rough mental picture
of the progress of each test may be formed from the notes
in the last coluun of the log sheetbs.

3



N.A.C.A. Technical Note No. 595 9

TABLE ITI
SUMMARY OF TEST RESULTS Cem e -
Cyl— iBulk-j - L/p |Sec~- Max~ |Max- Maximum
in—- lhead of tion imum |[imum
Tegt | dér iring Welght jcrit—~ |mod—~ | moment |shear Ty
spac—| ical |ulus
ing panel
in. 1b. : in.-1b.| 1b. [1b./sq.in.
1 l 18 18.6 |l122:4|29.01525,520|5,&800 | 18,100
2 2. 9 20,0 61i2 30.5 |828,620{7,910 | 27,150
3 3 9 | 25.3 | 61.2/30.5|866,110|8,260 | 28,400

»

The results of test 2 are of no direct importance in
this investigation, since the cylinder failed by tearing
of the sheet from the rivets in the end rlngs on the ten-—
slion side .before deplnite failure occurred onn the” ccmpres—.'
sion eide., These rivets had imperfect heads adjacedt to
the corrugated sheet, resulting from the difficulty of get-
ting a head-forming tool between the two end rings durlng
fabrication. The svecimen was. returned to the Doggias
Company where the weak section was relnforced. The fe-
paired cylinder was designated cyllnder 3. . The excéss
weight of cylinder 3 over_cyllnder 2 was due enftirely to
the reinforcement of the latter, & measure that would have
been unnecessary had it been DOSSible to form better tiv-
ets. Comsequently, it seems only fair to assume that the
maximum stress found from test 3 could have beén obtained
"with a specimen weighing no more than cylinder 2, Which is
the. gsame ag the weight of eylinder 1 plus the welght of an
additional Dbulkhead ring.: T

Oylinders 1 and 3, after failure, are sghown in fig-
ures 1 to 4, It is evident from these plctures that the
corrugated sheet in the critical bays behaved in the mai-
ner of z column, _Final failure occurred in the vicinity
of the. first bulges to form, the bulges gradually incFeas~
ing with load until the sheet buckled. In both svecimens
thig dbuckling at the middle of the panel was accompanled
By buckling or cracking of the sheet over the bulkheads at
each end of the critical bay. As shown in figure 4, cylin-’
der 2 fziled by buckling inward on one side of the verti-
cal. axis of the specimen, and outward on the other, while
the corrugation at the axis remained practically stralght.
As noted in the log sheet, before any 16ad was applied,
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very slight initial bulges in the specimen, correspending
in location and direction to the final ones, were observed,
and the peculiar pattern of fallure evidently resulted from
the gradual growth of these initial tulges. They wers no
more pronocunced, however, than bulges which might be ex-—
vected to appear in any practical structure of the corru-
gated monocoque typse. :

, No consideration has been given to the readings of
gages 1 to 4 because observation during test showed them
to be unreliable. - They were omitted entirely in test 3.

Gage 5, indicating the change in length of the verti-
cal axis of the first bulkhead out from the backplate, gave
rather interesting results. . For .the firgt test it showed
a maximum increase in the axls of 0.028 inch, and for the
second, a decrease of 0,019 inch., The fact that in one
case the axls elongated while in the other 1t contracted
may posslbly be explained by the presence, in the first,
of. a tendency of the sheet in the critical panel to dulge
outward at the bottam, thus tending to stretch the vertl-
cal axis, while. in the second, the main bulglng was inward,
‘tending to sheoerten the axis. Unfortunately, this gage was
not uged in the third test, in which the bulges were in
opposlte directions on either gide of the vertical axls.

In this case, if the foregoing explangtion is correct, ane
would expect no change in the length of the axis, dbut this
fact cannot be verified, The rigid backplate and tetrapod
ring undoubtedly played-a large part in malntaining the
original shape of the intermediate rings under load and
without this influence the deflections noted might have
been entirely different. Gage 5 therefore gives no indi-
cation of what deflections might be expected in the dbulk-
head rings of a monccoque structure with no solid dulkheads
hut shows, merely, what occurred in these particular testes,

After complete fallure of cylinders 1 and &, the load
was entirely removed, except for the welght of the tetra-
pod, and then reapplied to detsrmine the strength after
feilures As noted in the logs, cylinder 1 carried 67 per-—
cent of the original load and cylinder 3 carried 77,2 per-
cent,

As 1t seemed desirable to determine the compressive
gtrength for lacal fgilure of 'the corrugated section used,
small- panels were cut from each cylinder and tested in
compregsion, Two such panels were cut from cyllnder 1,
each with a length varallel to the corrugations of approx—
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imately 2.8 inches, and ane with a length of approximately
%.6 ilnches from cylinder 3. All three panels had a width
of slx complete corrugations. The free edges of these
panels were reinforced by bending them about a small radi-~
us. The panels were then tested in compressicn with flat
ends. In splite of the fact that the reinforcement of the
free edges was not sufficient to prevent failure starting
at those locations, and that the tests were not made with
any great care, both panels from cylinder 1 showed alti—
mate strengths of 34,000 nounds per sguare inch or morse.
That from cylinder . 3 did not have failure start at the
free edges and did not fail until the stress was 38,000
pounds per sgquaTre inch. N

DISCUSSION OF TEST RESULTS

A caorrugeted sheet under compression will feil either
by bending normal to the nlane of the sheet or by local '
buckling of the corrugations, depending upon which gives
the lower strength. In the vanel tests mentioned in the
preceding paragraph it was fpund that the strength for lo-
cal failure was in excess of 34,000.poufids per squaFs inch.
Ag the cylinders failed at computed stresses of 28,400
pounds per. square inch and less (table III) it is conclude«?é
ed that failure in the cylinders occurred by bending of
the corrugations normal to the skin. This conclusion is
also verified by the observed fypes of fallure. (Ses figs.
1 to 4, .

It would be desirable to compare the strengths devel-
oped in the cylinder tests with those developed in tests
of small panels with curved pitch line but no adequate
vanel data are available, because of the great difficulty
of obtaining propsr end conditions for bending failure of
the corrugations in a panel with curved pitch 11ne. 1if,
however, the cylinder test data be compared w1th the data
on compressive tests of corrugated panels with straight
pitch lines, some very interestlng relatloushlps are to be
found, . . - R
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DETERMINATICN OF INDICATED RESTRAINT COEFFICIENTS

FROM TESTS

Since the failures were due to bending rather than tn
local instability of the corrugations, the first step in
ccemparing the results of the cylinder teste with thnse %o
he expected from compression tests of flat panels is to
plot the computed stresses at falilure against the ratios
of the length »f the critical bay to the radius of gyra-
tion of a single corrugation. Such a method was used to
ottain figure 9. TFer convenience, the column curves for
aluminum glloy for ¢ =1, ¢ =2, and ¢ = 3 are also
shown in the figure,

The ultimate stresses in beth tesbs fall within the
range of the Johnson straight-line formula

P - 48,000 - 400 L
A (<

Using the values of L/p from table III and substi-
tuting in this formula to compute an indicated restraint
coefficient ¢, we find that ¢ = 2.68 for the cylinder
with the 18=inch bay, and ¢ = 1,56 for the cylinder with
all bays 9 inches in length.

Owing tov the continuity of the corrugated sheet across
the intermediate bulkhead rings and the rigidity of the con-
nections to the stiff backplate and tetrapod, 1t was to be
expected that the strength of the cylinder covering would
exceed that of a straight pitch-line nanel of length equal
to the bulkhead spacing tested between pin ends. In other
words, it was to be expected that the indicated restraint
coefficients computed as just indicated would exceed 1.00.
Such a great difference as that found between the indicat~
ed restraint-coefficients was not expected when the cylin-~
ders were designed, though studies made after the tests
show that 1%t could have been predicted from the differ—
ences in the relative lengths of-the bays in the two spec—
imens.
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TEEORETICAL DETERMINATION OF INDICATED

RESTRAINT COEFFICIENTS

In both cylinders the failure wags due %o the ingta-
bility of a corrugation due to the compression resulting
from the bending load on the yhole svecimen., This corru-
gation may well be thought of as a continuous beam-column
supported laterally at the end rings and intermediate _
bulkhead rings, and also continuously along its length by
.the adjoining corrugations. The external loading consists
of & uniformly varying axial load proportional to the dis-—
tance from the point of locad application cn the tefrapoa
and such transverse loads as were brought into action by
the deformation of the specimen and accidental eccentric—
itiese Too many uncertainties are involved %0 permit an
exact analysls to determine theoretically the load at
which the corrugations in the test specimeng should have
failed but, by the employment of certain simplifications
and assumptlons, some results of value have been obtained.

The method of attack used was thet partly developed by
Buckwalter in his original study of the oylinder tests.

The first simplification of the problem was to neg-.
lect the vpossible supporting effect of the adjacent cor-
rugations. This support might haeve been manifesfed in two
wayse. The adjoining corrugations, being subjected to lower
stresses, might have carried some of the load when the most
stressed corrugation began to buckle. Secondly, when ths
most stressed corrugation began to deflect, circumstantial
stresses may have been set up in the cylinder that would
have provided it with transverse support. Although such
neglect of the possible supporting effect of the adjoining
corrugations 1s practically equivalent to assuming that
the curvature of the pitech line has no direct effect on the
elastic stability of the compression side of the cylinder,
no alternative course appeared practicable.

The second simplification was to assume the axial
load to be g constant for theentire length of the corru—
gation., Any attempt to assume the axial load to vary be-
tween supports would have resulted in unmanageable mathe—
matics. Even though the axial load in each span had been
assumed a constant proportional to the distance of the
center of the span from the point of load application, the
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extra labor of computation would have been excessive for
the small resultant gain in accuracy. The qualitative ef=
fect of this assumption will be discussed later.

As the Intermedliate tulkhead ringsg are light and con-
nected to the corrugations in a manner not well suilted to
transmit a couple, the carrugations were assumed simply
supperted at their leocaticns. At the ends of the cylin-
ders, the corrugations were cornected to the relatively
very stiff backplateand tetraped ring by falrly rigid
connectliong. The actual degree of restraint at these
points could only be estimated. Parallel analyses were
therefore made, one set in which the endp were gssumed
fixed and another in which they were assumed pinned. The
true conditions weould lie between these two assumptions.
In the vrdinary fuselage the pin-ended assumpbtlcen prcbatrly
is cleser to the actual conditions as the bulkheads would
not be relatively as stiff as the backplate and tetrapod
ring of _the tegt jig. In the test specimens, however, the
fixed end conditions are prchbably the more nearly applica-
tle,

The transverse lcads acting on the corrugation due to
deformation of the specimen and eccecntricities were as-~
sumed te be symmetrical in the following analyses, tut
their magnitude and distritution were left undetermined.
This mefhed is allowatle as the magnitude and distribution
of transverse load has no influence on the ideal critical
load of a beam-column. The assumption of symmetry greatly
reduced the extent of ‘the required computaticns without
affecting the criterions determined for ideal critical
loads. This fesult was checked by independent anslyses in
which the assumption was not made; this materiagl is omlt-
ted from the subject report to conserve space.

It was assumed that all the supperts remsined on a
straight line grd, .in the cases with fixed ends, that the
tangents tov the elastic curve at both ends of the corru-
gation formed & single straight line. In the tests, how-
ever, the cylinders as a .whole were bent, so that the
points of —gupvort agtually fell on a curved line, and the
end tangents to the elastic curve were at an angls to each
other and to the axial lcad. Thess actual deflections and
rotaticns could have been gllcwed for in the analyses to
determine ldeal critical values of IL/j ty the addition
of appropriaste terms to the three—~moment equations. Such
terms, however, wnuld have had no effect-on the wvalues of
L/J found critical for the varicus cases. The situation
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is exactly analogous to that of transverse load., Although
a change in %transverse lcad will make a corresronding
change in the bending meoments and deflections for any

given value of IL/j tTelaw the critical, it will not change
the critical value of L/j. ~The same applies to deflec—
tions. of the surports and rotation of the fixed suppnrits.

Finally, i1t was assumed that the geometric properties
of the corrugaticn as listed in table I were correct.
This assumption had ne influence on the computed values of
eritical L/j ©but did affect the values used for I and,
p, and thus the critical stress correspending tc any given
value oT L/j as well as the value of L/p for each bay.

After the feregoing assumptione were made, the beam-—
column representative of the most stressed corrugaﬁlﬁn of

cylinder 1 could bte represented diagrammatically as in flg";mw

ure 10, When writing the three-moment equations for fhis
and other cases with fixed ends, the effect of the end con-
ditions was allcwed for by assuming extra end bays of zero
length and including terms with apprepriate subgcripts for
thase Tbays. The generalized three—-mcment égquations for

the beam—~column c¢f figure 10 can be written (reference 3,
che XI) as follews: _ -

(Ma = Mz . on account of symmetry)
M Loy + 2 L B, + 2M; 1, Ry + MpLyoy = ky (5)

k;y and kz .are terms that are dependent on the side
load W, and need not be evaluated. Since L, = n, the

first two terms in equation (5) are szero, and the equa—"
tioneg may te rewritten

|
<8

’J
L~
-\1
S

(2L By )M, + - : (Llal)Ma

 (Lyog )M, + (ZLlBl + 2Ly By + Lamz)Ma

|
W
(]
v
@
~

Equations (7) and (8)_are of ihe form
a1y :x:+b1 y-':Cl ) Sl T

ag X + g ¥ = cg
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and may be expressed in determinant-form as follows:

a; Dby c, by
X =
ag Dbz " lca by
a, b, a, cy
y =
ag by ag Cg
Then
c, by
x = cz ba L SiPe = Pica ]
a; by 810z ~ D12z
ag Dby
a, ¢
&g Ca a1¢Cz - az _
y = D = - - - — - - - ——j...
al bl alba - blaa .
ag ta

It is evident that =x and y correspend. t¥ M; and

My, respectively, in equatiens (7) and (8), and a and. b,
to the congstants in these equatiens.

The critical load for an ideal beam-~column 1le¢ that
exial lead which preduces infinite bending mcments some—
where along its length; cousequently, 1f the moments over
the supports are infinite, it follcws that the critical
load must have been reached. It is obvious from an in- -
spvection of the foregoing expressionsg that both x and ¥y
will be infinite if the denceminators of.the right-hand
terms are zero, provided, of course, that the numeratnrs
are not simultaneously equal to zero. This result is not
likely and, in fact, may be checked for the conditlen of
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end load which gives a value of zero to the denominator.
If ¢, and ¢z, which corresrond to ky; and kg, are

zero, the numerators are always zero, regardless of the
values of the a and b terms. Thererore both k; and’

ka will be zero unless a side load is assumed to act on

the beam~column, but with side.lcad acting, regardless cf
its magnitude, the numerators will te finite unless the
a and P terms make them otherwise. Hefice it is seén
that the quantity of the side lsad need not bPe known, but
its presence must e assumed. . ' -

Equating the denominators to zere, then
a; by
{ag Dby

Substlitutien of the correspending values from equatlons
(7) and (8) giVQS . s . R - - - |

2L, 3, ' “ Ly,

Lyreg  (2La By + 2Lafa + Laéa)
Dividing through by L; and expanding
4(51)2 + 48, 83La/Ly + 2a38,L5/L; - (“1)3 = 0-
By (48, .'".4BgLa/L1 CF 20,Ly /L) = (al)a (9)
The quantities o and 5. are tabulated for various

values of L/J on page 212 of reference %, and the value
sf L/j that gives values of o« and B which sgatisfy
equation (9) will be the critical one. s -

The determinatien of the critical value of I/j for
the beam—column of figure 10 may be carried out by trial.
In this case Lg = 2L,, Lg/j, = 2L,/§,, and equation (9)

bacomes
By (4B, + 8Bz + 4ap) = (ay)®

or
A Bl = (a'l)a
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where A = (4B, + 8By + 4op)

Solving thisg equation by trial shows_that _as Ll/Jl

increases from 1.00, the left-~hand side goes tv positive
infinity, changes qign and increases from negative infin-
ity, becoming practically equal to the right-hédnd side
when I,/j, = 2.47. For this case, then, the end load
will be critical when I,/Jjs = 4.94.

In a similar case with three bays of egual length,
Lz.= L, and since L,/jy = Lz/ja, o, = ag and B, = Ba,
equation (9) reduces to - . - .

B(8B + 2a)

Solving this expression by trial shows that, as /3
increases from 1,00, both sides of eguation (9) increase
to positive infinity and decrease agalin wlith posgitive
sign, always with the left-hand side greater. in magnilitude
than the right until L/j reaches %.86 when the two sides
are practically equal. When L/j = m; both terms become
infinite, but the solution for the moments ylelds the in-
determinate form wfe. For values of L/j greater than
m, the moment equgtions still give conslstent values for
the moments until L/j = Z%.86., Hence it appears that 3.86
ig the critical value of L/J for this second case.

It is of interest to compare the critical loads for
these two ¢ases, ag the ratio indicates a theoretical in-
crease in strength due to using end bays only half as long
as the critical bay instead o¢f having all bays of the same
length, The numerical values of the critical end loads
for the two cases are not necessary for this study; only
the ratio between them is required, and 1t may be deter-
mined from the critical L/j's. Let subscripts a and b
designate quantities for the first and second cases, re—
spectively, and congider only the critical quantitieg for
the central 18-inch spans ¢f the columnes. The ratio of
the L/j's may be written

L
Rati = a
a [e] 1

J

3

o ~

'l
i

o b

since ILg = Ly. The modulus of elasticity E, and the mo~

ment of insertia I, are the same for both column sectlons

and, since j& = BI/P,
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EI/ Py _ P, .
EI/P, Py -
. The ratio of the critical end loads P, then, may
be expressed as

.L ., . i .
<__a7_e:> (10)
Ln/ Jv

The ratlio of the critical end loads for the two cases

is then found, by substituting in equation (10) the criti-
cal values of L/J, %o be

v

P, . 4,94

Hu

= l.64"

According to this ratio, the cylinder of the first
case, which corresvonds exactly to cylinder 1, would be
exvected to carry 64 percent mere stress in the compression
fiber than the cylinder of the second case, IY appealrs,
therefore, that the maximum stress feund from test 1 shculd
be reduced.in the ratic of 1.00/1.64 to represent fairly
the sirength of a cylinder with uniform 18-inch bulkhead
gspacing. N : -

Similar calculationsg for beam—columns of 1, 2, and 4
equal spans with fixed ends have been made and the cr1ti~
cal values of IL/j 1listed in table IV,

The impertance of the end conditions may bte found by
comparing these values with similarly computed values of
critical L/j for pin-endeil beam-columns with the same ~
arrangecments of surpsarts. Such values are alsc listed in.
table IV. It will be noted that for all cases of bays rf’
equal length and pin ends, the critical value of L/J is
m. For gome cases, notatly that of twe equal bays, the
methcd of computatiocn previously outlined .results in com-
puted values of critical L/3 in excess of m btub, as
is explained nn page 22% of reference 3, such results pre-
suppose a perfect symmetry of the structure and loading
that is never obtained in practice,

In addition o the criticael values of L/j, tatle IV
shows the correspcnding raticd of critical load Pc, to
the Euler load. P,, at which L/j = m. For the 1ldeal
conditions assumed for thig analysis, the Euler formula
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P, = cw®EI/L®, applies, so 1t may be sald that the value
of Py/Ps is the ideal value of restraint coefficient ¢,

which should Be indicated by plotting the stress at fail-~
ure agalnst slenderness ratio; as was done in figure 9.

TABLE IV

IDEAL CRITICAL LOADS

Condition : Critical L/J P./Pg

Three spans, A - Z2A - A, fixed ends 4,94 2.47

i " H pinned Y _4,49 2.02
n  equal spans, pinned ends 3,14 1,00
Afne gpan, fixed ends 6.28 4,00
Two equal spans, fixed ends 4,49 2.02
Three equal spans, fixed ends 3.86 1.51
Four equal spans, i ”- 3,59 1.31

CCMPARISCHY OF INDICATED RESTRAINT COEFFICIENTS

If" it 1s assumed that the values of Pc/Pe of table
IV do repregent the values of ¢ that should have been
indicated by the test resultg, the following comparigon is
obtained, ' -
TABLE V

INDICATED RESTRAINT COEFFICIENTS

Condition Cylinder 1 Gylinder 3
Actuat test ) 2.68 1.56
Fixed endg 2,47 1.31

Pinned ends 2.02 . _ 1,00
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A high degree of precisién must not be clalmed for any

of the values of .indicated restraint coefficient listed in
table V. Those computed fram the test data depend oq_qqle
culated values. of gtregs snd slenderness ‘rdtic, nelther of
which are very precise o1 account, primarily, of the rela-—
tively law precisinn of the measured dimensions of .the
crrrugatione and the lack of unifsrmity between the corru-
gations, The probatle error due té lack of precision in
megsuring the pitch and depth of a corrugation could te
compubed, hut it would be .of llttle value as the computed
radius of gyratlcn debends an the assumption that the cor-
. rugated section 1s made up of a numter of true circular
arcs tangent %o each other at the pitch line. That this

assumption is af doubtful validity is indicated by 'the dis-

crepancy tetween the equivalent thicknesses computed from
the weights of pieces of the material, and thnse cemputed
from the p/d-'ratio. " Fur thermere, the stress values as-—
sumed to have been realized in the tests reflegt any error
in the determination of the equivalent thicknesses. If
those ccmputed from the p/d ratis had teen used in com-
puting the section mnduwli, the computed stresses, and

therefore the indicated restraiht cocefficients, would have

been higher than those listed in tables III and V., Origi-
nally it was hoped to obtain mnre precise values of the '
actual’'stresses developed by taking extensometer measure-—
ments during the tesgts. It was found, however, that these
readings were unreliable as the slightest buckling of the
material made them.meaningless. The values of restraint

coefficient listed in table V as having teen indicafed by

the tests must therefore Te rated as only approXimate.

Similarly the procedure for determining the theoret-
ical values of restraint crefficient that should have been
indicated by the test results was such that the resultlng
figures cannot te cornsidered very precise. Prnbaoly the
most important source of érrnr was the neglect of the cur-
vature of the pitech line. 4s previcusly stated this cur-
vature should increase the strength nf the mest heavily
loaded corrugation, and the tests indicate clearly that it
does so, tut the data are inadequate in both quantity and

quality tn provide a quantitative measure of this action,

While the neglect of pitch-line curvature tended %o

roduce the compubted values for indicated restralnt 009ffi+ ;.

cient, some of the other assumptions tended to increase
them. Most imvmortant of these was the assumptlnn of an
ideal material with an infinite proportional limit., All
cvractical materialsg have finite proparticnal limits above

i
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which the slope of the stressg—strain curve diminishes. A4s
a result, the practical critical loads at which failure
actually tmkes place are always less than the ideal criti-
cal lcads obtained from analyses like that carrled out in
the foregeing sections. For members of high slenderness
ratios, with negligitle transverse logds and deflections
of intermediatz supports, the difference between the ideal
and practical critical loads is so small that -1t may be
neglected, but-when these conditions are not present the
difference may be very large. In the cases under consgld-
eration, the fact that the stresses at failure came within
the range cf the gstraight-line formula shows that {the dif-
ferences between the tweo critical loads would be apprecia-—
t*le: The bending of the cylinder cauSing the supports of
a corrugation to fall on a curved line and the ends to ro-—
tate with respect to each other would make this difference
greater than would be the case if the actual conditions of
support had been the same as those assumned for the analy—
SiSo

The dssumption of & constant—=axial load alsoc would tend
to increase the theorstical values of indicated c., In
reference 4, Jameg shows that the gfiffness of a beam-col-
umn decreases at an accelerating rate as L/j incregses.,
Thus the decrease in gtiffness, and hence the restralnt on
the oritical bay due to the greater lcad on the adjacent
inteard parnel, i1s greater than the increase due to the
gsmaller loads on theé outboard panels. Therefore the crit-—
ical values of L/j in table V are somewhat larger than
thoge which would have been obtained from analyses in which
the variation in axial load was taken into acccunt.

The primary objective of the foregoing analysls to de-
termine the critical load of & corrugation was to deter-
mine how closely the effect of variations in the lengths
of baye on the genersl insgtability stress of the cylinder
covering could be predicted. 0Owing to the causes mentioned,
the' values listed in table V are nct sufficiently precise
to permit precige quantitative conclusions on this point.
It is believed, however, thet they Jjustify the statement
that valuable gualitative conclusions as to the effect of
varying the lengths of bays can be obtalned from analyses
of this type.

In the application of the results of the cylinder
tests to practical fuselage design, it should de remem-
bered that the end fings to which the cylinders were at-
tached were relatively much stiffér than the bulkhead rings
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or frames likely to e used in an airplane, Until further
tests justify a less conservatiye procedure, it is regom~
mended that where the bulkhead rings or frames are equally
spaced, the design Pe made on the assumption that the most
stressed corrugation is a pin-ended column ‘with a length
equal to that between frames. For the present, therefore,
the type of critical load analysis just illustrated is of
more value for the interprétation of tests than for coms
vuting stresses to ‘te allowed. in design.

Attention should be directed to the necessity of know-
‘ing the actual dimensions of any corrugated sheet used in
the primary structure of an airplane. The first study of
the cylinder tests was made on the assumption that the
nominal dimensions of the corrugations were correct. The
result was that the indicated values of restraint coeffi-
cient were only c¢ = 1.69 for cylinder 1 and ¢ = 1.02
for cylinder 3. Both of these values are considerably be-
lcw the figures for fixed-end conditiong Iisted in table
V. The value for cylinder 1 is even below that for the
pin-ended conditisn, while that for sylinder 3 is not sig-
nificantly above that for the pin-ended conditicin. _In the

foregoing analysis for the determination of critical loads,

it was found that, theoretically, cylinder 1 should carry
1,64 times as. much as g similar cylinder with three 18-
inch bayse On %this basis it anpeared that test 1 indicat-
ed the restraint coefficient for a cylinder with three 18-
inch bays would have been only 1.69/1.64 = 1.03, or pTrac=
tically the same as for cylinder 3. As these results sug—
gested that nelther the restraint at the ende of the cyl-
inders nor the pitch-line curvature increased the general
instability stress of the corrugated cylinder covering,
the tests were considered of little practical value. The’
later study bPased on the corrected values for the ccrruga—

tien dimensions was needed to demonstrate their real worth,

It 1s true that the design recommendations of the preced~
ing paragraph are practically the same as those drawn from
the earlier study of the data, dut they are now made with
the knowledge that they are conservative and subject to -
liberalization asg more test data is accumulated; whereas
they were hardly Justlfled on the hasls of the sgrlier
study. e e L il o e

REMARKS ON BULKHEAD RINGS - -

One of the most important prodblems of fuselagaTQGsign
is the determination of the stiffness ahd_gtrength required
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in the bulkhead rings to permit them to act as effective . .
supports to the corrugations of the skin, In some earlier
editioeng of Department of Commerce Bulletin 7-A the rule
was laid down that each bulkhead ring should be designed
to carry as a column a load equal to the shear on the sec~
tion, the unsupported length being assumed as not less

than half the height of the ring. The rings used in the
test oylinders under dilgcussion were of the same size as
these in the cylinder tests reported by Mossman and Bebin-
son in reference 2. In that report the strength c¢f & ring
computed according to the Department of Commerce rule was
only 696 pounds. In the tests under discussien the maxi-
mum shear of 8,280 pouhds caused no noticeable distortion
cf the rings. This result shows the excessive severity nof
the earlier Devartment of—Commerce rulas, which has now
properly been absndoned. Unfortunately, the tests glve no
indication as to how much lighter the rings might have been
without losing their effectiveness as supports to the skin,

Although the tests under consideration fail to show
how light-the bulkhead rlngs may be made, they indlcate )
clearly the advantage of using a large number of light ot
rings closely spaced, instead of a small number of rela- :
tively heavy rings. If it is assumed, as suggested, that
eylinder 2 would have carrisd the same load as cylinder 3
if the rivets had been perfect, it is seen that the mere’ .
addition of & light bulkhead ring in the middle of the 18-
inch panel of cylinder 1' resulted in an increase of stress
from 18,100 to 28,400 pounds per square inch. Thus & 74b6-— .
rercent lncreage in weight of specimen gave a 57-percent .
increase in stress at failure, and 46-percent improvement-
in strength-weight ratin.

CONGLUSIONS

The following conclusions may reasonatly be drawn from
the cylinder tegts under conasiderption:

le When failure occurs by bending of the corruga-
tions normal to the gkin, the computed stress on the ex-~
treme fiber of a corrugated cylinder is in excess of that
for a flat panel of the same basic pattern and panel length
tested as a pnin-endsed column,. _ _ .

2e The added gtrength is due to the effects of curva-
ture of the pitch line, -
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2, There.ls, as yet, insufficient data to determine
gquantitatively the increase in strength resulting frem
pitch—~line curvature. -

4, The effect of varving the dlstance between trans—
‘verse suppoerts (bulkhead rings or frames) can be deter-
mined qualitatively by analyses cf the type illustrated in
the digcussion.

5e Devigtions of the actual dimensions from the nom~-
inal in ccmmercial corrugated material are likely to be of
appreciable magnitude and in design it is advisable fo.
determine with care the actual dimensions of the material
to be used.

6. In practical design it is desirable ta neglect
the strengthening effect of pitch-line curvature and re-
straint at heavy bulkheads until mnre test data indicates
the extent ko which these factors can be relied upoxn.

7. Where bulkheads and frames are light and equally
svaced it is advisable to assume the length equal to the
tulkhead spacing and the restraint coefficient equal to
unity.

8. A large number of light bulkhead frames will be
mare efficient than a small number of relatively heavy
ones. The heavy bulkheads shauld be used only where the
structure is subjscted to heavy concentrated loads, as at
the wing reactions. . . -

@, Mcre test data is needed on the praeblem of the
stiffness required in the bulkheads.

10, More test data is desirable to determine quallta-
tively the strengthening effect of pitch~line curvatures

Guggenheim Aeronagutic Laboratory,
Stanford University, California,’
January 20, 1937.
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APPENDIX I

DERIVATION OF EQUATIONS FOR THE PROPERTIES

OF CORRUGATED SHEET

The properties for which farmulas are now derived are
those of a series of tangent circular arcs, each multiplied
by a thickness +t. Though the results are not strictdy
applicatle to sections of corrugated sheét, The resulting
error is much legs than that due to the variation of com-
mercial sheet from its theoretical dimensions. The nomen=
clature and dimensions usged arse indicated in figure A-1.

1, Area of one arc:

b
A=/t ds =2 f ¢t r da =2t 1§ (AL)
o]
2., Moment of inertia of .one arc about the pitch line.

a N & ra Y
I=f<'§-'y>tds=2—f %—y)trdo&
o]

L}

G
2 f [(r -~ r coa 8) - (r - r cos @))% t r da
0. : .

S

=2t r® [ (cos @ - cos 8)° da
o .
= 2% r® fa (cos® a - 2 cos o cos © + cos® Qflim
o
i o
= 2t rS (% + % sin 2 - 2 gin o cos & + o cos® 8}
L ’ : =y
I = 2t r3 [B (% + cos® b) - % sin 26.] (a2)

%¢ Radius of gyration of one arc about the pitch line.

. _ .
3 = 4 - - =
/dt r °] (\2 cos b)_ " 4 gsin 2 6

I
P= 37 2t .16

= 1 2 - 3 sin 24 (A3}
p = rlv/2 + cog® & 4 5 . S (AS;

(T}
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4, 1Included angle of one-half of an arc in terms of
pitech and radius of corrugation.

By inspection

in 6 » 1 B
in = S e e
s 4 r 4r
6 = sin~t - (42)
4r

5 Radius of corrugation in terms of Dpiltch and depth.

By inspection r (1 - cos 68) = d/2

r (1 ~J1- gin® 6) = da/2

r [l - 4/1 - £%>81-; %

J
2
/1 - (EL) = 1 Ji .
4r 2r
p? a2

-

—

H |

=
1672 413

p2 = 16r 4 -~ 442

. 1]
T = fe——m + — {4 (AB)
[16@g 4

6., Moment of inertia per inch of pitch line.
I per inch of pitch line =

[0 g
_ EE r {3 (2 + cce? 6 + gin 26
p/2

7. Ratio of weight of corrugated sheet to weight of flat
sheet of same thickness and prejected area.

.er b _41‘8 _ ' (.A.G)

T 0.5 p P
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8. Summary of formulas.

The foregoing formulas may be written:

!

(a7)

r =k1 .
l 1 : ..
where k, = ( <p) + l} (A7a)
P =ka d (48)
1 2 gin 28
where ks = k3 V/E + cos? § - yy ﬁ*%——ﬁ (ABa?
3 -
I =k % %; per inch of pitch line (A9)
where @k = [b (0.5 + cosa b)-—z sin 28] (A9a)
4, b
= 4k, 4d — = - (Al0O
@ : (p/d) )

Values of k., kg, kz, and ® are listed in table A-1

and are plotted against p/d in figures A~1 and A-2.

TABLE A-1
CORFFICIENTS FOR PROPERTIES OF CORRUGATED SHEET

p/d ky kg ks N 8

2.0 0.5G600 0.3536 0.%927 1.5708 1.5708
2.5 »64086 .3568 4401 1.3832 1, 3495
2.0 «8125 « 2089 .4222. l1.2740 1.,1760
3,5 1.01586 « 3603 <5476 1.2052 1.0383
4.0 1.2500 2613 6083 1.1591 .9273
4,5 1l.5156 . 2620 6647 1.1269 .8364
5.0 1.8125 « 3626 . 7254 1.1035 <7610
6.0 2:5000 « A6 33 . 8495 1.0725 6435
7.0 Ze2125 « 3638 <2760 1.0536 5566
8.0 4,2500 « 3641 1.1042 -1,0412 «4900
9.0 5.,3125 « 3643 1.2335 1.0326 4373
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Figure A-l.- Values of ¢ and k, for corrugatel sheet.
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Fig.l
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Figure 1l.- Cylinder 1 after failure,



Fig.2
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(a)

(c)

Figure 2.~ Cylinder 3 after failure.
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Figure 3.~ Failure of cylinder 1, Figure 8.~ Backplate of testing jig.’

Figure 4.- Fallure of cylinder 3.
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A, 5/8 in. boiler plate stiffened with F, 7 by 3/5 by 5/8 in. 21.0 1b. unequal angle.
8 in. 11.5 1b. channels. G, 3 by 1/2 in. flat steel bar.
B, 12 in, 20.7 1b. channels. H, 21/2 in. conduit pipe.
C, 3 in. conlult pips. J, Milled steel coupling,
E, 4 by 4 in. pine, D, 6 in. 22.8 1b. H-bean,

Filgure 5.- Diagram of test set-up.
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Figure 7.~ Cylinder 1 in jig ready for test,
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Figure 9.- Relation between column curve and observed stresses at failure.
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Figure 10.- Loading of assumed beam-column.




